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The Relation Variety for Modules over Nn



Modules in this talk will be over Nn, for simplicity.

Let’s recall a construction from Carlsson–Zomorodian

[Carlsson and Zomorodian, 2007]. Denote by An the polynomial ring

k[x1, . . . , xn]. If ξ is a multiset in Nn, the free n-graded An-module with basis

ξ is the module

F (ξ) =
⊕

(v ,i)∈ξ

k[x1, . . . , xn](v).

There is the underlying n-graded k-vector space V (ξ). It has a group of

automorphisms GL(V (ξ)) and an algebraic subgroup GL.(V (ξ)) of

automorphisms which respect the An-grading. This subgroup is isomorphic to

the group GL(F (ξ)) of automorphisms of the graded module F (ξ).
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If M is a module of the type we’re considering, we have a free resolution of

the form

0→ Fn → Fn−1 → · · · → F1 → F0 → M → 0.

Define multisets ξi(M) by

ξi(M) = ξ(TorAn

i (M , k)).

By Hilbert’s Syzygy Theorem, ξi(M) = ∅ for i > n.
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Consider ξ0(M) and ξ1(M). These correspond to a minimal generating set

and a minimal set of relations for M , respectively. Carlsson–Zomorodian make

the following definition.

Definition. Let F (ξ0) and F (ξ1) be free n-graded An-modules. A relation

family is a collection {Vv}v∈ξ1 of vector spaces such that

1. Vv ⊆ F (ξ0)v ;

2. dimVv = dimF (ξ1)v ;

3. if u, v ∈ ξ1 with u . v , then xv−u · Vu ⊆ Vv .

The collection of all such relation families is denoted by RF(ξ0, ξ1).
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The canonical example of a relation family is given by a finitely-generated

n-graded An-module M . The map ψM in the exact sequence

F1
ψM→ F0 → M → 0

gives rise to a relation family η(ψM) by setting Vv = ψM((F1)v )) ⊆ (F0)v .

The group GL(F (ξ0)) acts on the left on RF(ξ0, ξ1). We then have the

following.

Theorem. Let ξ0, ξ1 be multisets of elements from Nn and let [M] be the

isomorphism class of finitely-generated n-graded An-modules M with

ξ0(M) = ξ0 and ξ1(M) = ξ1. Then the assignment [M] 7→ η(ψM) is a

bijection from the set of isomorphism classes to the set of orbits

GL(F (ξ0))\RF(ξ0, ξ1).
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Note that the set RF(ξ0, ξ1) can be given the structure of an algebraic

variety. Indeed, given a relation family {Vv}v∈ξ1, each Vv determines a

subspace of the vector space F (ξ0)v and so we have an inclusion of sets

j : RF(ξ0, ξ1)→
∏

(v ,i)∈ξ1

Grdim F (ξ1)v (F (ξ0)v ),

where Grm(W ) denotes the Grassmann variety of m-planes in W .

The set RF(ξ0, ξ1) is then a variety via the structure induced by the map j .
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That Example



Consider n = 2 and the modules with generators and relations

ξ0 = {((0, 0), 2)} and ξ1 = {((0, 3), 1), ((1, 2), 1), ((2, 1), 1), ((3, 0), 1)},
respectively.

We have GL(F (ξ0)) = GL2(k). The set RF(ξ0, ξ1) is obtained by choosing,

for each generator ev ∈ ξ1, a relation between the two generators of F (ξ0);

that is, a line in k2 = F (ξ0)v . Since the relations are not comparable in the

order . on Nn, we obtain

RF(ξ0, ξ1) = P1
k × P1

k × P1
k × P1

k .

The action of GL2(k) on this is the usual diagonal action.
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Carlsson and Zomorodian showed that the orbit space GL2(k)\RF(ξ0, ξ1)

contains a copy of P1
k − {0, 1,∞} and deduced that it is impossible to obtain

a complete family of discrete invariants parametrizing these modules (in

contrast to the n = 1 case, where the barcode suffices).

But that’s not the whole story. Let’s look into this a little further.
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Refining the Description



Note that An-modules M have invariants ξ0(M), ξ1(M), . . . , ξn(M) (possibly).

In this example, we might have ξ2(M) 6= ∅. Indeed, elements in ξ2(M)

correspond to syzygies among the relations corresponding to the elements in

ξ1(M).

We can partition the set RF(ξ0, ξ1) according to these syzygies, and this

helps us identify all the orbits.
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Suppose we are given a collection ξ0, ξ1, ξ2, . . . , ξn of multisets in Nn.

Definition. For multisets ξ0, ξ1, . . . , ξn define

RF(ξ2, . . . , ξn) = {M ∈ RF(ξ0, ξ1)|ξ(TorAn

i (M , k)) = ξi , i = 2, . . . , n}.

Note that only finitely many RF(ξ2, . . . , ξn) are nonempty. Indeed, once ξ0
and ξ1 are fixed, there are only finitely many possibilities for locations and

numbers of syzygies among the elements in ξ1, showing that there are only

finitely many possibilities for ξ2. In turn there are only finitely many

possibilities for ξ3, and so on. Note also that it is possible to have some

ξi = ∅. Moreover, the various RF(ξ2, . . . , ξn) are pairwise disjoint and their

union is all of RF(ξ0, ξ1).

11



Suppose we are given a collection ξ0, ξ1, ξ2, . . . , ξn of multisets in Nn.

Definition. For multisets ξ0, ξ1, . . . , ξn define

RF(ξ2, . . . , ξn) = {M ∈ RF(ξ0, ξ1)|ξ(TorAn

i (M , k)) = ξi , i = 2, . . . , n}.

Note that only finitely many RF(ξ2, . . . , ξn) are nonempty. Indeed, once ξ0
and ξ1 are fixed, there are only finitely many possibilities for locations and

numbers of syzygies among the elements in ξ1, showing that there are only

finitely many possibilities for ξ2. In turn there are only finitely many

possibilities for ξ3, and so on. Note also that it is possible to have some

ξi = ∅. Moreover, the various RF(ξ2, . . . , ξn) are pairwise disjoint and their

union is all of RF(ξ0, ξ1).

11



Note that each RF(ξ2, . . . , ξn) is stable under the action of GL(F (ξ0)) since

isomorphic modules have isomorphic Tor groups.

More is true, however. Each isomorphism class of modules has the same

syzygies, not just the same types ξ2, . . . , ξn (exercise, or check out

[Knudson, 2008]).
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Let’s examine that example in this context. We need only consider ξ2, the

elements of which correspond to syzygies among the generators in ξ1. The

first observation is that if e ∈ ξ2, then the degree of e is bounded above by

(3, 3) in the order on N2. So there are only six possible locations for

generators in ξ2:

(1, 3), (2, 2), (3, 1), (2, 3), (3, 2), (3, 3).
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To enumerate the orbits of the GL2(k)-action on (P1)4, note that since the

GL2(k)-action on P1 is 3-transitive, we have two cases to consider:

1. Ω = {(`1, `2, `3, `4) ∈ (P1)4|`i 6= `j , i 6= j}; and

2. those 4-tuples where at least two of the `i are the same.

The second case admits further refinement as well. (Note that if k = F2, the

set Ω is empty.)
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Consider the set Ω. Since GL2(k) acts 3-transitively on P1, we see

immediately that

GL2(k)\Ω = {(0,∞, 1, `)|` ∈ P1 − {0, 1,∞}}
∼= P1 − {0, 1,∞}.

Let α ∈ k − {0, 1} correspond to the line `. Then the relations of the

associated isomorphism class of modules are

[y3, 0], [0, xy2], [−x2y , x2y ], [−x3, αx3];

that is, the first generator dies at (0, 3), the second at (1, 2), the generators

become equal at (2, 1) and α times the second equals the first at (3, 0).

More about this in a minute.
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An easy calculation shows that there are two syzygies among these:

x2[y3, 0]− xy [0, xy2] + y2[−x2y , x2y ]

(1− α)[0, xy2]− xy [−x2y , x2y ] + y2[−x3, αx3]

in degrees (2, 3) and (3, 2), respectively. It follows that

Ω ⊂ RF({(2, 3), (3, 2)}.
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There are other elements in RF(ξ2) for ξ2 = {((2, 3), 1), ((3, 2), 1)} besides

those in Ω, and these fall in the category of those points in (P1)4 having fewer

than 4 distinct coordinates. Since GL2(k) acts 3-transitively on P1, we see

that dividing up points in (P1)4 into groups by numbers and locations of

distinct points, that there are finitely many GL2(k) orbits in (P1)4 − Ω.
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orbit rep ξ2 Yξ2 imϕ

(0, 1,∞, α) (2, 3), (3, 2) P2 × P2 ([1 : −1 : 1], [1− α : −1 : 1])

(0, 0,∞, 1) (1, 3), (3, 2) P1 × P2 ([1 : −1], [1 : −1 : 1])

(0,∞, 0, 1) (2, 3), (3, 2) P2 × P2 ([1 : 0 : −1], [1 : −1 : −1])
(0,∞, 1, 0) (2, 3), (3, 3) P2 × P3 ([1 : −1 : 1], [1 : 0 : 0 : −1])
(0,∞,∞, 1) (2, 2), (3, 3) P1 × P3 ([1 : −1], [1 : 0 : −1 : 1])

(0,∞, 1,∞) (2, 3), (3, 2) P2 × P2 ([1 : −1 : 1], [1 : 0 : −1])
(0,∞, 1, 1) (2, 3), (3, 1) P2 × P1 ([1 : 1 : −1], [1 : −1])
(0, 0,∞,∞) (1, 3), (3, 1) P1 × P1 ([1 : −1], [1 : −1])
(0,∞, 0,∞) (2, 3), (3, 2) P2 × P2 ([1 : 0 : −1], [1 : 0− 1])

(0,∞,∞, 0) (2, 2), (3, 3) P1 × P3 ([1 : −1], [1 : 0 : 0 : −1])
(0, 0, 0,∞) (1, 3), (2, 2) P1 × P1 ([1 : −1], [1 : −1])
(0, 0,∞, 0) (1, 3), (3, 2) P1 × P2 ([1 : −1], [1 : 0 : −1])
(0,∞, 0, 0) (2, 3), (3, 1) P2 × P1 ([1 : 0 : −1], [1 : −1])
(∞, 0, 0, 0) (2, 2), (3, 1) P1 × P1 ([1 : −1], [1 : −1])
(0, 0, 0, 0) (1, 3), (2, 2), (3, 1) P1 × P1 × P1 ([1 : −1], [1 : −1], [1 : −1])
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Speculation



Let’s think about that generic set GL2(k)\Ω. It corresponds to modules where

the first generator dies at (0, 3), the second dies at (1, 2), the two become

equal at (2, 1) and the first becomes a multiple α of the second at (3, 0).

Here’s a first observation.

Proposition. Such a module is not the H0-module of a biflitered space.

Proof. Classes in H0 can merge with another class, but that’s it.
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The last relation x = αy is problematic. Let’s imagine a data set in the wild

and we’re computing the persistent homology of the Rips complex in some

2-parameter way.

Question. What is the likelihood that the relation x = αy ever occurs?

For example, in R relations like x = πy are not going to arise this way.

Torsion is possible via this construction, of course (x = ky for some integer

k), but that set of k is measure zero in R. And, while it’s certainly true that

simplicial complexes with arbitrary torsion in homology exist, they are pretty

exotic creatures.
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So, it seems very unlikely that a random data set would generate a persistence

module that lives in the generic set of modules. Tossing those out, we are left

with only finitely many possibilities (in this case, at least).

In other words, while the random module will be in this generic set, it’s less

likely that a random persistence module will live there.

This might seem like a fairly obvious statement, but I’d like to quantify this in

some way.
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Bold Conjecture. Given a data set in Rk , its n-filtered persistence modules

lie in the generic part of GL(F (ξ0))\RF(ξ0, ξ1) with very low probability

(maybe even 0).

In other words, in practice there are only finitely many isomorphism classes we

need to worry about for a particular set of generators and relations.

Of course, this could be totally wrong. However, for subcomplexes of R3 we

aren’t going to get any torsion, so there is at least some hope.
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How to test this? I have a student who will generate a large sample of

2-parameter modules from random point clouds in R4 (or maybe R5) and then

we will use RIVET to see which modules actually arise.

Stay tuned...
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